
VOL. 26, NO. 12, DECEMBER 1988 AIA A JOURNAL 1457

Euler Procedure for Correcting Two-Dimensional
Transonic Wind-Tunnel Wall Interference

Magdi H. Rizk* and Donald R. Lovellf
Flow Research Company, Kent, Washington

and
Timothy J. BakerJ

Princeton University, Princeton, New Jersey

Based on an optimization formulation, a procedure has been developed to evaluate Mach number and angle-
of-attack corrections. The Euler equations are assumed to be the flow governing equations. To obtain efficient
solutions for the optimization problem, the iterative solutions for the flow variables and the design parameters are
simultaneously updated. This is done by using a scheme that eliminates the limitations of a previously developed
scheme. In addition to the model lift and geometry, the procedure requires pressure measurements near the tunnel
walls. The accuracy and efficiency of several optimization techniques are investigated. The effect of perturbing
certain test conditions on the residual interference is investigated.

Introduction

AIRCRAFT models are tested in wind tunnels to study
their aerodynamic properties and to estimate their perfor-

mance qualities. Because of wall interference effects, however,
the properties observed in the wind tunnel differ from those
observed under free-air conditions. To estimate correctly the
free-air performance of the tested models and to achieve the
maximum benefit from wind-tunnel tests for design improve-
ments, it is necessary to determine the wall interference effects
and to correct for them accurately.

The classical procedure1 for correcting wall interference
effects is based on linear theory. Although it provides insight
into the features of wall interference, it does not produce
sufficiently accurate formulas for practical use. A major
source of error in the classical approach has been eliminated
by wall interference correction procedures that replace the
inaccurate homogeneous wall boundary conditions with
measured flow properties. Procedures that require pressure
measurements along a contour neighboring the tunnel walls,2
measurements of a single flow quantity along two contours,3
and measurements of two flow variables at a single contour4

have been developed. These and other methods summarized in
Ref. 5 are applicable to linear, subsonic flows. Two-dimen-
sional transonic wall interference correction procedures have
been developed by Kemp^'7 and Murman.8 These procedures
use measured pressures near the tunnel walls and on the
model surface. Solutions of the transonic small-disturbance
equations are obtained and used to determine Mach number
and arigle-of-attack corrections.

The two-dimensional correction procedure presented here is
formulated as an optimization problem. The Euler equations
are assumed to be the flow governing equations, and the
limitations of using the small-disturbance assumption are
removed. Body-fitted coordinates are used to apply accurately
the surface boundary conditions. The three-dimensional tran-
sonic correction procedure developed in Ref. 9 includes a
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number of simplifying assumptions that need to be replaced
by more accurate formulations to allow the prediction of wall
interference effects for real test models. An extension of the
present two-dimensional method to three-dimensional con-
figurations would satisfy this need.

Formulation
Flow Governing Equations

The correction procedure is divided into two basic steps. In
the first and second steps, the flow is numerically simulated
about the airfoil in the wind tunnel and in free air, respec-
tively. The Euler equations

D( W; = f( W; =0 (1)

are assumed to be the flow governing equations, where

W =

P
pu
pv
pE

f =

(2)

p, a, and p are the density, speed of sound, and pressure,
respectively, normalized by their respective freestream values;
u and v are the Cartesian velocity components normalized by
the freestream velocity; x and y are the Cartesian coordinates;
and y is the ratio of specific heats. The total energy E and
total enthalpy H normalized by the square of the freestream
speed of sound are given by

H = E + (p/yp)

where p = pa2. The normalization used here allows the free-
stream Mach number M^ to appear explicitly in the govern-
ing equations. This explicit appearance is a requirement of the
correction scheme.



1458 RIZK, LOVELL, AND BAKER AIAA JOURNAL

Outer Boundary Conditions for Wind Tunnel Simulation
Following Ref. 10, the treatment of the tunnel boundary

conditions, in the first step of the correction procedure, and
the free air far-field boundary conditions, in the second step
of the correction procedure, are based on the introduction of
the Riemann invariants for a one-dimensional flow normal to
the boundary. The free air far-field boundary conditions used
here are given in Ref. 10.

In the first step of the correction procedure, the system. of
equations, Eq. (1), is solved subject to an experimentally
measured pressure distribution on the horizontal boundaries
of a rectangle and to appropriate boundary conditions (either
experimental or theoretical) on the vertical boundaries of the
rectangle. The sides of the rectangle are assumed to be close to
the tunnel walls but outside the boundary-layer region; It is
this rectangle that defines the boundaries of the computa-
tional domain for the tunnel simulation.

Boundary conditions at the vertical boundaries of the com-
putational domain, based on experimental measurements,
were derived in Ref. 11. Using present experimental tech-
niques, it is not practical to obtain experimental measure-
ments at the upstream and downstream boundaries. In the
present work, boundary conditions similar to those of the far
field in free air are applied at the upstream and the down-
stream boundaries.

At the upper and lower boundaries, the Riemann invariant
corresponding to the outgoing characteristic introduces the
following relation between qnB and aB\

(3)

where qn is the velocity component normal to the boundary
and pointing outward and the subscripts B and E denote the
boundary and the interior computational cells adjacent to the
boundary, respectively.

The use of Eq. (3) for two-dimensional flows is an approx-
imation. In these flows, RR and RE are related at steady state

where

r = RE +l(»* - nE)Gj(qn + a)] (4)

_ 2 A _ ^ A >|00 T a't p ^T T . °°
and where qT is the velocity component tangent to the bound-
ary, T is the coordinate in the direction of the boundary, and
n is the coordinate normal to the boundary. The error intro-
duced by using Eq. (3) instead of Eq. (4) is given by the last
term in Eq. (4). This error is expected to be small provided
that the derivatives of the solution along the boundary are
small and provided that the distance between the boundary
and the center of the adjacent mesh cells is small.

The normal velocity component qnB is evaluated from Eq.
(3) with

(5)

The equation for the total enthalpy is then used to evaluate
qTB, which is given by

o) {#00 - [

The total energy is evaluated by the relation

EB = H00-(a2
B/y) (1)

Correction Procedure
In the first step of the correction procedure, an equivalent

angle of attack ar is determined such that the tunnel-com-

puted lift coefficient LT matches the measured lift coefficient
Le of the tested model, where the subscript T denotes com-
puted tunnel conditions and the subscript e denotes experi-
mental conditions. Let PT denote the parameters arand M^T.
The problem solved in this step may be stated as follows. Find
ar subject to the constraint

(8a)

with Wr satisfying the equation

=0 (8b)

Although ar, the first component of Pr, is determined in this
step, the second component M^T is set equal to the measured
value M^e.

In the second step of the correction procedure, the free-air
flow is numerically simulated. The free-air angle of attack aF
and Mach number M^F are determined in this step. Let PF
denote the parameters aF and M^F. The problem solved is an
optimization problem in which PF is the vector of design
parameters. The optimum value of PF, P£ is determined such
that the objective function EM satisfies the condition

(9a)

subject to the constraint

with WF satisfying the equation

(9c)

Here the subscript F denotes computed free-air conditions.
The objective function EM, which is minimized in the prob-
lem, is given by

_J(MF-M r)2d5
(10)

This is a measure of the Mach number difference on the
model surface in the tunnel and in free air. The integrals are
taken over the model surface. In Eq. (9b), LF is the free-air-
calculated lift coefficient. Two formulations are considered
here. In the first formulation, \\ in Eq. (9b) is given by

17 = (lla)

In this case, the free-air-computed lift coefficient is con-
strained to the value of the wind-tunnel lift coefficient. In the
second formulation, Y\ in Eq. (9b) is given by

(lib)

where

T //= UyMi 7h

is the ratio of the freestream dynamic pressure to the
freestream total pressure. In this case, the lift coefficients used
in the first formulation are replaced by modified lift co-
efficients in which the freestream total pressure replaces the
freestream dynamic pressure for the normalization of the lift.
The regular definition of the lift coefficient has an explicit
dependence on the freestream Mach number. The modified
definition of the lift coefficient removes this dependence, and
therefore it is more suitable.
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The Mach number and angle-of-attack corrections are cal-
culated from the relations

AM = Aa = aF - ( 12)

and the corrected Mach number and angle of attack are then
found from the relations

a,= a e +Aa (13)

where the subscript / is used to denote the corrected condi-
tions.

Numerical Approach
The objective of the correction procedure is to determine

the parameters ar, aF, and M^. To determine these parame-
ters, it is necessary to determine the flow solution W. The
procedure for obtaining the solution W for the Euler equa-
tions in a regular analysis problem is an iterative procedure in
which W is repeatedly updated until convergence is achieved.
The approach used here follows that used in determining the
analysis problem solution with the exception of allowing the
parameters ar, aF, and M^F to be updated as W is updated so
that convergence is achieved for the flow solution and the
parameters ar, aF, and M^F simultaneously. The flow solver
is based on a finite-volume discretization and uses a multigrid
strategy together with a multistage time-stepping scheme to
advance the flow solution to a steady state as rapidly as
possible. Details of the dissipative terms, the multistage
schemes, and the multigrid method are given in Refs. 10, 12,
and 13. A description of the mesh used in the computations
follows.
Mesh Generation

An H-type mesh is generated in order to allow the mesh
lines to coincide with the wind-tunnel wall, as well as the
airfoil surface. Define a complex variable z — x -f.-iy, and let
z0 represent a singular point located just inside the airfoil
leading edge. We now define a new complex variable
Z = X + rT, corresponding to a point (X,Y) in mapped space.
Setting z — z0 = re/6>, the mapping

= kf(r)e /0/2 (14)

is applied to the airfoil surface, with/(r) = r1/2, where A: is a
constant scaling factor. The mapping given by Eq. (14) is also
applied to a Cartesian mesh in physical space, with stretching
in the x and y directions to cluster points near the airfoil, with

This variable scaling has the effect of pulling points close to
the origin in the mapped space.14 It leads to a concentration
of mesh points close to the airfoil leading edge. We now
deform the mesh lines in mapped space so that the X axis is
displaced to coincide with the airfoil surface. Thus, if S(X)
represents the airfoil shape in mapped space, we apply a
shearing transformation to all mesh points. We then invert the
square root mapping procedure to obtain the conforming H
mesh in physical space

05)

where
S(X)]

Although the free-air computational mesh does not require
that its outer boundary mesh lines conform to a specific
shape, the wind-tunnel computational mesh requires that they
be straight. Mesh shearing is therefore applied in the physical
plane to achieve this requirement. The mesh spacing require-

ments for a free-air mesh and a tunnel mesh differ. The free-
air solution has its largest gradients near the airfoil surface,
requiring a relatively fine mesh there. As one moves away
from the airfoil, these gradients diminish. A computational
mesh that is increasingly stretched as the outer boundaries are
approached is therefore appropriate for free-air computations.
In the tunnel, the flow solution near the airfoil has mesh
requirements similar to those in free air. However, the solu-
tion as the tunnel boundary is approached is expected to have
higher mesh resolution requirements than that of free air, due
to the tunnel constraint. It is essential to have equivalent
computational meshes in the tunnel and in free air at both the
model surface and in the region surrounding the model sur-
face, where the two solutions are expected to be close, to
minimize relative truncation effects. The free-air mesh can be
chosen to coincide with the tunnel mesh in their overlapping
region; however, increased computational efficiency can be
achieved by having the two meshes deviate as the tunnel
boundary position is approached, since resolution require-
ments for free-air computations are lower than those for
wind-tunnel computations there.

Correction Scheme

Step 1: Wind-Tunnel Simulation
The goal in this step is to determine the value of the airfoil

angle of attack ar that causes the airfoil-computed lift co-
efficient LT to be equal to the experimental value Le. In this
step, a solution for the wind-tunnel flowfield is obtained. The
flow-field solution is obtained iteratively in a manner similar
to that used for solving an analysis problem, with the excep-
tion of allowing ar to vary as the computation progresses.
Prior to the (n -f l)th iterative step, in which the flow solution
is updated, ar is updated so that the value used in this step is

(16)

is determined by the chord method and

(17)

The increment
is given by

where

and Aa and Ca are positive constants. The constant
upper limit on the magnitude of £a^+1.

sets an

Step 2\ Free -Air Simulation
The goal in this step is to determine the values for the

airfoil angle of attack Op and the free-air Mach number MooF
that minimize the objective function EM subject to the lift
constraint given in Eq. (9b). A search must therefore be
conducted in the design parameter space %F and M^F for the
optimum solution. This optimization problem is most conve-
niently solved in the rotated design parameter space a^ and
M'^p with the tx'F coordinate normal to the constant-lift
constraint and the M'^F coordinate parallel to the constraint.
For fixed values of CL'F and M'^p, let

« = 0,1,2,... (18)

be the iterative solution for the analysis problem, where *|/
denotes the solution obtained by applying the iterative (time-
stepping) scheme for solving the Euler equations once using
WJ- as an initial guess. As for the analysis solution, obtaining
the optimization solution requires the repeated application of
Eq. (18) to update the flowfield. Although a'F and M^F are
held fixed in the former case, they are allowed to vary in the
latter. The scheme used to update these parameters follows.
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The values of a^- and Mf^F are updated every AN iterations.
Therefore,

ocF
n+l = a'F"-f da'Fn+i (19a)

M/aoF+ l = M'^n
F H- $M'acp+ l (19b)

where

where the increment 59 n +1 is estimated by

1,2,3,...

bM'^ l = 0, (n + 1)/AN ^ 1,2,3,...

In the iterative steps that satisfy the relation (« + !)/
AN = 1,2,3,..., the incremental values for the design parame-
ters are given by

6a'Fn+1 = — T-̂ T [min(Ca|E2|,,4a)] (20a)

(20b)

where

rrr^? (22)

(23)

The incremental displacement in the design parameter space
introduced so that the constraint may be satisfied is taken in
a direction normal to the constraint curve and is determined
by the chord method in Eq. (20a). The incremental displace-
ment given by Eq. (20b) is introduced along the constraint
curve with the purpose of reducing the objective function. The
sign of the increment is determined by comparing the values
of the objective functions corresponding to the solution WJ-
and the perturbed solution W^e, which is denned below. The
magnitude of the increment is increased by the factor
cl(cl > 1) if two consecutive increments agree in sign, while it
is reduced by the factor c2(c2 < 1) if two consecutive incre-
ments differ in sign. Equations (20a) and (20b) are similar to
the equations used in a previously developed optimization
scheme.9'11 However, the parameter T denned in Eq. (22)
differs from that used in the old scheme. We refer to the
scheme presented here as scheme I, whereas we refer to the
scheme of Refs. 9 and 1 1 as scheme II, which also shares some
common elements with the scheme presented in Ref. 15.

The updated values of a> and M'^F are used to calculate
the new flow iterative solution WJ-+ l by

(24)

An additional perturbed solution W£ + l is also calculated by

(25)

where s is a small positive number. The perturbed solution,
Eq. (25), is necessary for determining kEn

M, as shown in Eq.
(23). It also determines the angle of rotation 9n + l of the a>
and M'acp coordinate system relative to the Op and M^F
coordinate system. This angle is given by

(26)

Although the optimization procedure is most suitably con-
ducted in terms of the transformed parameters v/F and M '^F,
the flow solution is calculated in terms of the physical parame-
ters oeF and M^p. These two sets of parameters are related by

Angle-of-attack modifications are introduced by modifying
the freestream flow direction, while Mach number modifica-
tions are introduced by updating the Mach numbers in the
terms of the Euler equations shown in Eq. (1).

Results and Discussion
Several aspects of the correction procedure are investigated

by applying it to a NACA 0012 airfoil tested in an open jet
with zero pressure perturbations along the upper and lower
boundaries. The airfoil is assumed to have a chord of unit
length and to be located in the middle between the upper and
lower boundaries. Two tunnel-height-to-chord ratios h are
considered. They are h = 3.6 and h = 4.6. For the short tunnel
(h = 3.6) computation, a 72 x 64 mesh is used for the tunnel
simulation and a 72 x 96 mesh is used for the free-air simula-
tion. For the high tunnel (h = 4.6) computation, a 72 x 80
mesh is used for the tunnel simulation and a 72 x 112 mesh is
used for the free-air simulation. In all the following computa-
tions, the constraint formulation, which uses the Y\ value
defined by Eq. (lla), is used unless otherwise specified.
Comparison of Optimization Schemes

Scheme II was previously9'11 used in wind-tunnel wall inter-
ference correction investigations. In these investigations, this
scheme appeared to function properly. Comparisons between
solutions at the model surface in the wind tunnel and in free
air indicated that the corrections predicted produced free-air
solutions that nearly match the wind-tunnel solutions as
desired. A formal comparison, however, between the results
predicted by scheme II and exact solutions was not per-
formed. In previous computations in which scheme II was
used, solutions with relatively small supersonic bubbles were
investigated. In the present work, problems with higher
freestream Mach numbers and higher angles of attack in
comparison to those investigated in Ref. 1 1 are considered. It
is found that, as the supersonic bubble size increases beyond
a certain limit, scheme II does not converge. This is the main
reason for developing the new optimization scheme, scheme I,
presented here. A third scheme, termed here as scheme III, is
introduced. This is a modification of scheme I in which the
design parameter space is not rotated. The search for the
minimum value of the objective function is conducted along
constant CCF lines, as is done in scheme II. However, unlike
scheme II where the choice of the incremental Mach number
is based on information from two consecutive iterative solu-
tions, scheme III, like scheme I, uses the perturbed solution,
Eq. (25), in addition to the basic solution, Eq. (24), to
determine the incremental Mach number. The three schemes
are applied to a problem in which the airfoil is tested in an
open jet of height h = 3.6. The airfoil lift coefficient and the
tunnel Mach number are given by Le = 0.35 and M^e =0.7.

In the first step of the correction procedure, the wind-tunnel
flow is computed and the angle of attack ar is determined.
The initial iterative value of ar is chosen to be given by
a^ = 2.0 deg, while the initial flowfield solution is set equal to
freestream conditions. The parameters Ca and A^ in Eq. (17)
are set equal to 0.3 and 0.2, respectively. In the second step of
the correction procedure, the free-air flow is computed and
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Fig. 1 Iterative history for MaoF(h=3.69 Z,e = 0.35): a) scheme I,
M^e = 0.7; b) scheme II, M^e = 0.7; and c) scheme II, Mme = 0.75.
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Fig. 2 Iterative histories for aF and LF (h = 3.6, Le = 0.35): a) scheme
I, M^e = 0.7; b) scheme II, Mmf =0.7; and c) scheme II, M^e = 0.75.

the parameters OLF and M^F are determined. The initial itera-
tive values of ctF and M^F are chosen to be equal to ar and
M^e, respectively. The initial ftowfield solution is set equal to
freestream conditions. The parameters <5M^F, cl5 c2, Ca, A^
AN, and s are given, respectively, by 0.005, 1.2, 0.6, 0.3, 0.2,
4, and 10~5. These values for the initial iterative solutions and
the various scheme parameters are used in all the computa-
tions presented below.

The iterative history of M^F resulting from using scheme I
is shown in Fig. la. In this figure, an initial stage of about 150
iterative steps is identified in which relatively rapid variations
in the value of AfooF take place. At the end of this stage, the
value of M^F is essentially converged. Only minor variations
are observed in the value of M^F beyond the initial stage. The
iterative history of M^F resulting from using scheme II is
shown in Fig. Ib. An initial stage of about 60 iterative steps
of rapid variations is observed in this figure. The solution
beyond this point seems to be essentially converged. However,
at approximately the 80th and the 230th iterative steps, a
rapid departure from the apparently converged solution takes
place. Within about 25 iterative steps in both cases, an
essentially converged solution is observed again. We have
conducted many computations, using scheme II, for different
test conditions. The appearance of local spike-shaped devia-
tions is a common feature among these solutions. However,
the size of these spikes and the frequency of their occurrence
depend on the particular problem being solved. In scheme

I, the incremental value dM^F is determined by comparing
two objective functions at the same time step. In scheme II,
this value is determined by comparing two objective functions
at different time steps. Scheme II functions properly as long
as the dependence of the objective function on the param-
eter M^F is stronger than its dependence on time. As its
dependence on time becomes comparable or stronger than
its dependence on M^F, the computed SM^p values no longer
lead to convergence to the optimum solution. The local di-
vergence shown in Fig. Ib is due to the solution's weak
dependence on M^F as the values of &M^F become small.
As the local divergence occurs, the value of 5M^F increases,
causing a stronger dependence on MooF and causing reconver-
gence. In other words, the process that takes place at the
spikes is self-stabilizing. It is, therefore, possible to use scheme
II to determine a solution by simply ignoring the local solu-
tions at the spikes, However, as the supersonic region in-
creases in size, the size of the spikes also increases. Eventually,
it becomes no longer possible to use scheme II for determining
valid solutions. Figure Ic shows the iterative history of M^F
resulting from using scheme II in the same problem solved
above, but with a value of MaQe of 0.75 rather than 0.7. It is
apparent that a converged solution in this figure is no longer
identifiable/Therefore, scheme II is no longer useful in deter-
mining a solution.

Figure 2 shows the iterative histories for the lift and angle
of attack for the three cases corresponding to Fig. 1, while
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Table 1 Comparison of the accuracy of the optimization schemes

Exact Scheme I Scheme II Scheme III

Aa
AM
Error in Aa
Error in AM
EM
Em

-1.6000deg
-0.0062

0.0%
0.0%

8.97 x 10-4

2.76 x 10-2

-1.5999deg
-0.0062

0.0%
0.0%

8.97 x 10-4

2.76 x lO-2

-1.5981deg
-0.0065

0.1%
-4.8%
8.98 x 10-4

2.77 x 10-2

-1.6054deg
-0.0053
-0.3%
14.5%

9.09 x 10-4

2.74 x lO-2

Fig. 3 shows the history for the maximum residual ^max for
the same three cases. The effect of the spikes is seen to be local
and limited to a few time steps in Fig. 2b. However, the
recovery to the prespike level is seen to take a relatively longer
time interval in the case of the maximum residual, as indicated
in Fig. 3b. Figure 3b indicates that, beyond 300 time steps, the
maximum residual oscillates about a fixed value. We have
continued the computation to 800 time steps, and the oscilla-
tory behavior was found to continue. This behavior is due to
the same process that leads to the local divergence observed
above. As indicated above, at certain stages of the computa-
tion, the signs and values of <5MooF are no longer chosen in a
manner that causes M^F to approach its optimum value. If
conditions are such that the sign of dM^F remains unchanged
for a large number of steps, then the local divergence observed
above will occur. On the other hand, if the positive and
negative signs of SM^p are reasonably well balanced, then the
oscillatory behavior observed in Fig. 3b occurs. It should be
noted that, even though the maximum residual may no longer
converge, the level at which this occurs in Fig. 3b does
indicate that, for practical purposes, the solution is converged.
The uncertainty caused by scheme II in this particular prob-
lem should be of no practical concern. Scheme III was also
used to solve the problem with an M^e value of 0.7. The
resulting histories for M^p, aF, LF, and ^max, not shown here,
were found to be very similar to those of scheme I (Figs, la,
2a, and 3a).

Table 1 compares the accuracy of the different schemes.
The exact solution was obtained by solving a series of prob-
lems with different values of M^p. In each problem the value
of Op, which satisfies the lift constraint, was determined by the
chord method. In each of these problems, the objective func-
tion was computed. The exact solution is the solution that
results in the minimum value for the objective function. The
table includes a second measure of the residual wall interfer-
ence effect Em given by

0.0 n

J\MF-MT\ds

This is a linear measure of the error and therefore may be
more appropriate to use. The table indicates that scheme I is
a highly accurate scheme. It also indicates that the results of
scheme II are closer to those of scheme I than those of scheme
III, contrary to our expectations. This is due to the uncer-
tainty in determining the solutions of scheme II, which appar-
ently resulted in a favorable deviation from scheme III. It
does appear from the table, however, that the results obtained
by each of the three schemes are accurate and any errors are
within acceptable levels.

To compare the efficiency and relative costs of the different
schemes, it is necessary to set a convergence criterion. The
convergence criterion used here assumes that convergence is
attained when RmaK= 10 ~4. At this value of the maximum
residual, it is found that the values of Aa, AM, and EM are all
essentially converged. Based on this convergence criterion,
Table 2 compares the number of iterations and the computa-
tional time required for convergence for the different schemes
and for a regular analysis solution. It is clear from the table
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350 400
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Fig. 3 Maximum residual evolution history (h =3.6, Le = 0.35): a)
scheme I, M^e = 0.7; b) scheme II, M^e = 0.7; and c) scheme II,

that updating the angle of attack and the Mach number in
addition to the flow variables results in reduced convergence
rates relative to that of an analysis problem in which only the
flow variables are updated. The table also indicates that the
computational time per iteration required for scheme I is
double that of scheme II. This is due to the requirement of
computing two solutions in parallel when scheme I is used.
Although scheme II updates ctF and M^F for each iterative
step, scheme I, through the parameter AN, allows the user to
specify the frequency of updating these parameters. In the
present computations, these parameters were updated every
four iterative steps. We did not attempt to determine the value
of A7V that maximizes the rate of convergence. Therefore,
there is a good possibility that the efficiency of scheme I can
be improved over that indicated.
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Table 2 Comparison of the efficiency of the optimization schemes

Analysis Scheme I Scheme II Scheme III

Number of iterations
CPU seconds

92
23

268
137

174
44

262
134

The above computations were performed for a case in
which scheme II functions properly to allow comparison
between that scheme and the other schemes in the range in
which it is valid. In the following computations, we investigate
problems at higher Mach numbers. Scheme II cannot be used
in that range. We, therefore, limit ourselves to the use of
scheme I.
Verification of Wind-Tunnel Boundary Conditions

Both the wind-tunnel and the free-air outer boundary con-
ditions were derived using the Riemann invariants for a
one-dimensional flow. The error introduced by this formula-
tion is expected to affect the flow solution near the airfoil.
This effect, however, is expected to be stronger in the case of
the wind-tunnel simulation for which the boundary conditions
are applied in the near field, than in the case of the free-air
simulation, for which the boundary conditions are applied in
the far field. The objective of the following computation is to
verify that the errors introduced by applying the present
tunnel boundary conditions do not exceed acceptable levels.

In the following example, the measured tunnel pressure
data are replaced by numerical solutions of the Euler equa-
tions simulating free-air flow conditions. In other words, an
interference-free tunnel is assumed. The exact solution for this
example is known. It is given by Aa = AM = 0. The test
conditions are given by ae — 1.8 deg, Mooe = 0.78, Le =
0.3552, and h =4.6. In the first step of the correction proce-
dure, the angle of attack is determined to be given by
a r= 1.8022 deg. The deviation of this value from the exact
value is 0.0022 deg. This deviation is due to the approxi-
mations introduced in the tunnel boundary conditions. In the
second step of the correction procedure, the parameters aF
and M^f are determined. They are given by OCF = 1.8010 deg
and M^F = 0.7799. The corrections Aa and AM are, there-
fore, given by Aa =-0.0012 deg and AM =-0.0001.
Although not identically zero, the errors in determining Aa
and AM are acceptably small. This indicates that the present
formulation of the tunnel boundary conditions is adequate.

Effects of Varying the Test Parameters
The effects of varying the test parameters h, M^, and Le

on the correction results Aa, AM, and EM are investigated by
introducing perturbations to these parameters from base test
conditions defined by h = 4.6, Mooe = 0.8, and Le = 0.35.
Before studying these effects, details of the base calculation
are first presented.

Figure 4 shows the iterative histories for <xT9 LT, and /?max
in the first step of the correction procedure for the problem
defined by the base test conditions. The first step of the
correction procedure determines an ar value of 2.896 deg.
Ninety-eight iterations and 23 CPU seconds were required for
convergence in this step. Figure 5 shows the iterative histories
for M'^F, OF, LF, and ,Rmax in the second step of the correction
procedure. This step determines an aF value of 1.6488 deg and
an MQO/T value of 0.7871. A comparison between the solution
obtained in the second step and a regular analysis solution
indicates that 246 iterations and 143 CPU seconds are re-
quired for the present solution to achieve convergence, while
66 iterations and 19 CPU seconds are required for the analysis
solution to achieve convergence. The correction results are
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Fig. 4 Iterative histories for the wind-tunnel solutions (h = 4.6,
Mooe — 0.8, Le = 0.35): a) ar and LT; and b) maximum residual.

given by

Aa = -1.1808, AM = -0.0129, EM = 3,54 x 10~4

(28)

These values are identical to the exact solution. Figure 6
presents a comparison between the pressure on.the airfoil
surface for the wind-tunnel flow (M^j- = 0.8, ar =
2.8296 deg), the free-air flow at the uncorrected conditions
(MooF = 0.8, a? = 2.8296 deg), and the free-air flow at the
corrected conditions (M^ = 0.7871, aF= 1.6488 deg). As in-
dicated from the figure, the correction procedure does accom-
plish the goal of determining the free-air corrected conditions
a^and M^F with aerodynamic properties nearly matching the
corresponding properties for the tunnel conditions ar and
M^T. The value of EM is reduced from 384.36 x 10~4 for the
free-air flow at the uncorrected conditions to 3.54 x 10~4 for
the free-air flow at the corrected conditions.

The same problem was solved using the definition given by
Eq. (lib) for rj instead of that given by Eq. (lla). Two-hun-
dred and fifty-seven iterations and 149 GPU seconds were
required for convergence. The correction results in this case
are

Aa= -1.1350, AM =-0.0135, EM = 3.07 x 10~4

(29)
The improvement seen in these results over those given above,
Eq. (28), is evident by the smaller value of EM in Eq. (29).
However, the error caused by using the definition of Eq. (1 la)
for rj instead of definition of Eq. (lib) is apparently small.

The results of varying the test parameters h, M^, and Le
are presented in Table 3. The results presented in the table are
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Table 3 Effect of test conditions on the residual interference

otT

4.6
3.6
4.6
4.6
3.6

0.80
0.80
0.85
0.80
0.85

0.35
0.35
0.35
0.40
0.40

2.8296
3.3825
2.3907
3.2628
3.4226

-1.1808
-1.6917
-1.2552
-1.3401
-2.0157

-0.0129
-0.0191
-0.0198
-0.0145
-0.0311

3.54 x-10-4

8.80 x 10-4

17.69 x 10-4

4.66 x 10-4

34.50 x 10~4

1.9k) x'lO-2

2.99 x 10~2

3.05 x 10~2

2.18 x JO"2

•4.7.3 x 10-2
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Fig. 5 Iterative histories for the free-air solutions (h = 4.6,
Mooe=0.8, Z^ = 0.35): a) A/^; b) v.F and LF\ and c) maximum
residual.

computed using the formulation of Eq. (lla). The table
indicates that the effects of reducing h, increasing M^, or
increasing Le is to increase the magnitude of the corrections
Aa and AM, indicating an increase in wall interference effects.
Associated with this increase is an increase in the residual wall
interference, as indicated by the values of EM and Em, indicat-
ing a reduced quality in the test data. A comparison between
the free-air flow solution at the corrected conditions and the
tunnel solution is given in Fig. 6 for the base test case with the
least wall interference effects and the smallest residual wall
interference effect. Figure 7 compares the free-air flow solu-
tion at the corrected conditions and the tunnel solution for
the case in which all the test conditions are perturbed. This is
the case with the most wall interference effects and the largest
residual wall interference effect. As expected, the deviation
between the wind-tunnel solution and the free-air solution at

WIND TUNNEL FLOW
FREE-AIR FLOW AT THE
CORRECTED CONDITIONS
FREE-AIR FLOW AT THE
UNCORRECTED CONDITIONS

-1.5

-1.0

-0.5

0.0-

0.5

Fig. 6 Pressure distribution on the airfoil surface (h = 4.6, Mooe = 0.8,

WIND TUNNEL FLOW
FREE-AIR FLOW AT THE
CORRECTED CONDITIONS

-1.0 -

-0.5 •

0.0

0.5

Fig. 7 Pressure distribution on the airfoil surface (h = 3.6, Maoe =
0.85, Le = 0.4).

the corrected conditions is greater in Fig. 7 than in Fig. 6.
Reducing h, increasing M^e, or increasing Le further will lead
to greater deviations between the two solutions. At a certain
stage, these deviations exceed the acceptable level. Therefore,
when correcting experimental data it is necessary to define a
value for EM or Em as an upper limit for acceptable data.

The cases presented in Table 3 were recomputed using Eq.
(lib) for.'r\. The difference between the recomputed results
and those given in the table were confined to a range given by
3-7%, 4-6%, 13-16%, and.2-9% for Aa, AM, EM, and'Em,
respectively. The effect of Eq. (lib) is to reduce the magni-
tude of Aa and increase the magnitude of AM. Although each
of the solutions converged to at least a three-decimal-place
accuracy in the values of Aa and AM, convergence in some of
the cases did not continue beyond this point. This is appar-
ently an optimization problem introduced by making the
constraint a stronger function of M^F. This unfavorable effect
on the optimization scheme may be remedied by fixing the
value of rj in Eq. (9b) for a number of iterations and only
updating it periodically.
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Further Comments
All of the above computations have been performed using

a single set of values for the computational parameters c1? c2,
Ca, v4a, AJV, and s. The effect of varying these parameters on
the convergence properties of the schemes used was not
investigated, although it may increase computational effi-
ciency. It is worth noting that problems associated with
scheme II as the Mach number increases and those associated
with scheme I at high Mach numbers, in the case of normaliz-
ing the lift by the total pressure, might be resolved by
choosing different values for the computational parameters.

The main computational costs are due to the free-air simu-
lation (step 2) and not to the tunnel simulation (step I).
Scheme I requires that two flowfield computations be per-
formed in step 2, whereas only a single computation is
required in step 1. In the computations performed here, the
free-air computational mesh was chosen to coincide with the
tunnel mesh in their overlapping region. Although the meshes
are required to coincide near the airfoil surface, they are not
required to coincide throughout the tunnel region. Therefore,
it is possible to reduce the computational costs by reducing
the number of horizontal mesh lines in the free-air computa-
tion. The benefit' of not. having totally overlapping meshes in
the wind-tunnel region becomes even greater in three-dimen-
sional calculations, since this idea is applicable there in both
the vertical and span wise directions.

Transonic wall interference correction procedures are rela-
tively complex. Three different aspects may be identified in
these procedures. The main focus of this study has been on
the numerical aspect of the problem. Certain effects, such as
the sidewall boundary-layer effects,16 have been previously
investigated and are not included in the present formulation.
However, it may be modified to include them. The second
aspect of the correction procedure is the experimental aspect,
which requires that pressure measurements be made near
the wind-tunnel wall to supply the required boundary con-
ditions for the correction procedure. The task of making
enough measurements in the wind tunnel to supply the
boundary conditions at the boundary points of a relatively
fine computational mesh is not an easy one. This is partic-
ularly true in three-dimensional tests. The final element of the
correction procedure attempts to estimate the numerical
boundary conditions from experimental measurements
through aerodynamic interpolation.17 Different modifications
may be introduced to the correction scheme presented here
that affect its accuracy, complexity, and computational re-
quirements. Some of these variations were presented in the
present investigation. It is, however, important to note that
the level of accuracy of the results computed by the scheme
are dependent on the levels of accuracy employed in all three
aspects of the correction procedure. It is therefore desirable to
have a uniform level of accuracy in all three aspects of the
correction procedure.

Conclusions
The main elements of a transonic wind-tunnel wall interfer-

ence correction procedure have been developed and tested. In
the procedure, the corrected Mach number and angle of
attack are those optimum values that minimize the Mach
number difference on the model surface in the tunnel and in
free air while matching the lift. An estimate of the correctabil-
ity of the data, by varying the Mach number and the angle of
attack, is provided by the procedure. Although the procedure
is developed and tested for two-dimensional problems, its
basic elements are extendable to three-dimensional problems.

Through perturbing test conditions, the effects of tunnel
height, freestream Mach number, and airfoil lift on wall
interference and residual wall interference were investigated.
Two formulations for the lift constraint were considered. The
formulation based on normalizing the lift by the freestream
total pressure is the more accurate, since it removes the

freestream Mach number dependence from the expression for
the normalized lift. There are indications that the relatively
strong dependence of the constraint function in this case on
the freestream Mach number may lead to difficulties in solu-
tion convergence. Methods to avoid these problems were
suggested. The formulation based on using the regular lift
coefficient is an approximation due to its explicit dependence
on the freestream Mach number. However, it is a valid
approximation since Mach number corrections are generally
small. As the Mach number correction becomes large, this is
an indication of the uncorrectability of the data. It is in this
situation that the accuracy of this formulation deteriorates.

The tests conducted here indicate that optimization scheme
I, developed in the present work, is highly reliable and
accurate. A second scheme previously developed, and referred
to here as scheme II, is found to be useful only for a certain
range of test conditions for which a relatively small supersonic
region is present in the fiowfield. Although scheme II deter-
mines approximate solutions to the optimization problem, the
results obtained here are in agreement with previous results in
indicating that the accuracy of the solutions predicted by that
scheme are generally acceptable. Under those conditions for
which scheme II is applicable, it has the advantages of higher
efficiency and less memory requirements in comparison to
scheme I. The use of scheme II may be most advantageous in
solving three-dimensional problems, in view of the high cost
of computations and the large computer-memory require-
ments associated with these problems.

The optimization scheme developed here is based on updat-
ing the iterative solutions for the flow variables and the design
parameters simultaneously. Although applied here to a two-
design parameter problem, it may be extended to solve general
aerodynamic design problems.
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